The CP 2 -genus of a knot K is the minimal genus over all isotopy classes of smooth, compact, connected and oriented surfaces properly embedded in CP 2 −B 4 with boundary K. We compute the CP 2 -genus and realizable degrees of (−2,q)-torus knots for 3 ≤ q ≤ 11 and (2,q)-torus knots for 3 ≤ q ≤ 17. The proofs use gauge theory and twisting operations on knots.
Introduction
Throughout this paper, we work in the smooth category. All orientable manifolds will be assumed to be oriented unless otherwise stated. A knot is a smooth embedding of S 1 into the 3-sphere S 3 ∼ = R 3 ∪{±∞}. All knots are oriented. Let K be ak n o ti n∂(CP 2 − B 4 ) ∼ = S 3 ,w h e r eB 4 is an embedded open 4-ball in CP 2 .T h e CP 2 -genus of a knot K, denoted by g CP 2 (K), is the minimal genus over all isotopy classes of smooth, compact, connected and oriented surfaces properly embedded in CP 2 − B 4 with boundary K.IfK bounds a properly embedded 2-disk in CP 2 − B 4 , then K is called a slice knot in CP 2 . A similar definition could be made for any 4-manifold and that this is a generalization of the 4-ball genus.
Recall that CP 2 is the closed 4-manifold obtained by the free action of C * = C −{0} on C 3 −{(0, 0, 0)} defined by λ(x, y, z)=( λx, λy, λz)w h e r eλ ∈ C * , i.e. CP 2 =( C 3 −{(0, 0, 0)}/C * .A ne l e m e n to fCP 2 is denoted by its homogeneous coordinates [x : y : z], which are defined up to the multiplication by λ ∈ C * . The fundamental class of the submanifold H = {[x : y : z] ∈ CP 2 |x =0 }(H ∼ = CP 1 ) generates the second homology group H 2 (CP 2 ; Z) (see Gompf and Stipsicz [12] ). Since H ∼ = CP 1 , then the standard generator of H 2 (CP 2 ; Z) is denoted, from
Twisting Operations and Sliceness in 4-Manifolds
Let K be a knot in the 3-sphere S 3 ,andD 2 a disk intersecting K in its interior. Let n be an integer. A − 1 n -Dehn surgery along C = ∂D 2 changes K intoanewknotK n in S 3 .L e tω =l k ( ∂D 2 ,L). We say that K n is obtained from K by (n, ω)-twisting (or simply twisting). Then, we write K
→ K(n, ω). We say that K n is n-twisted provided that K is the unknot (see Fig. 1 ).
An easy example is depicted in Fig. 2 , where we show that the right-handed trefoil T (2, 3) is obtained from the unknot T (2, 1) by a (+1, 2)-twisting. (In this case n =+1andω =+2.)
There is a connection between twisting of knots in S 3 and dimension four: Any knot K −1 obtained from the unknot K (or more generally, a smooth slice knot in the 4-ball) by a (−1,ω)-twisting is smoothly slice in CP 2 with degree ω realizable by the twisting disk ∆, i.e. there exists a properly embedded smooth disk ∆ ⊂ CP
. For convenience of the reader, we give a sketch of a proof due to Miyazaki and Yasuhara [21] : We assume Examples.
(1) Song and Goda and Hayashi proved in [11] 
is obtained by a single (+1)-twisting along an unknot. This implies that their corresponding left-handed torus knots are smoothly slice in CP 2 (see [2] ). In [5] , we proved that the realizable degree of
(2) Any unknotting number one knot is (−1)-twisted (see Fig. 4 ), and then it is smoothly slice in CP 2 . In particular, the double of any knot is smoothly slice in CP 2 .
Question 2.1. Is there a knot which is topologically but not smoothly slice in CP 2 ?
The proof of Theorem 2.1 can be found in [4] :
is obtained from the unknot T (−1, 4p ± 1) by a (−1, 2p)-twisting (see Fig. 5 ). Therefore, Theorem 2.2 is deduced from Kirby calculus.
is smoothly slice in CP 2 with realizable degree d =2p. We refer the reader to my Ph.D thesis [2] for more details on twisting operations on knots in S 3 .
Preliminaries
Litherland gave an algorithm to compute the x-signatures of torus knots.
Theorem 3.1 (Litherland [20] ). Let ξ = e 2iπx ,x∈ Q (with 0 <x<1), then
The signature of a knot is σ(k)=σ −1 (k) obtained by assigning x = (Tristram [24] ).
In the following, b
) is the rank of the positive (respectively, negative) part of the intersection form of the oriented, smooth and compact 4-manifold X.L e tσ(X) denote the signature of M 4 .T h e nac l a s sξ ∈ H 2 (X, Z) is said to be characteristic provided that ξ.x ≡ x.x for any x ∈ H 2 (X, Z)w h e r e ξ.x stands for the pairing of ξ and x, i.e. their Kronecker index and ξ 2 for the self-intersection of ξ in H 2 (M 4 , Z). [10, 25] ). Let X be an oriented, compact 4-manifold with ∂X = S 3 , and K ak n o ti n∂X.S u p p o s eK bounds a surface of genus g in X representing an element ξ in H 2 (X, ∂X).
Theorem 3.2 (Gilmer and Viro
(1) If ξ is divisible by an odd prime d, then:
(2) If ξ is divisible by 2, then:
The following theorem gives a lower bound for the the genus of a characteritic class embedded in a 4-manifold: [8] , Yasuhara [27] ). Let X be a smooth closed oriented simply connected 4-manifold with m =min(b
, and assume that m ≥ 2.I fΣ is an embedded surface in X of genus g so that [Σ] is characteristic, then
Using the knot filtration on the Heegaard Floer complexĈF,O z s v a t ha n d Szabo introduced in [23] an integer invariant τ (K) for knots. They showed that
(see [23, Corollary 1.7] ). In addition, they give a lower bound for the genus of a surface Σ bounding a knot in a 4-manifold. To state their result, let X be a smooth, oriented four-manifold with ∂X = S 3 and with b + (X)=b 1 (X) = 0. According to Donaldson's celebrated theorem [3] , the intersection form of W is diagonalizable. Writing a homology class [Σ] ∈ H 2 (X)a s [Σ] = s 1 .e 1 + ···+ s b .e b ,w h e r ee i are an ortho-normal basis for H 2 (X; Z), and
Note that this is independent of the diagonalization (since the basis e i is uniquely characterized, up to permutations and multiplications by ±1, by the ortho-normality condition).
We then have the following bounds on the genus of [Σ]:
Theorem 3.4 (Ozsvath and Szabo [23] ). Let X be a smooth, oriented fourmanifold with b + 2 (X)=b 1 (X)=0, and ∂X = S 3 .I fΣ is any smoothly embedded surface-with-boundary in X whose boundary lies on S 3 , where it is embedded as the knot K, then we have the following inequality :
. P r o o fo fS t a t e m e n t s
To prove Theorems 1.1a n d1 .2, we need the following lemma.
Lemma 4.1. Let d be an odd prime number. Then the d-signature of a (2,q)-torus knot (q ≥ 3) is given by the formula:
where [x] denotes the greatest integer less or equal to x.
Proof. We use Litherland's algorithm to compute σ d ((T (2,q)). In this case,
2d . Therefore,
se q u i v a l e n tt o1+
(2d−1)q 2d
≤ j ≤ q − 1.
. It is easy to check that this is equivalent to σ d ((T (2,q)) = −(q − 1) + 2 (see Fig. 6 ), which proves that T (−2, 5) is smoothly slice in CP 2 with degree d = +3 (see [21] ). Theorems 3.2a n d2 .1 yield that the only possible degrees are d = ±3; realizable by the twisting disks. (3) Theorem 2.2 yields that T (−2, 7) and T (−2, 9) are slice with degree d =4 .
We can deduce from Theorems 3.2a n d2 .1 that the only realizable degrees are d = ±4. To show that g CP 2 (T (−2, 11)) = 1, let Σ g be a minimal genus smooth, compact, connected and oriented surface in CP 2 − B 4 with boundary T (−2, 11), and assume that [ [24] , σ(T (−2, 11)) = 10, then d satisfies 20 − 4g ≤ d 2 ≤ 24 + 4g. Therefore, g =1andd = ±4 are the only possibilities.
Case 2. Assume now that d is odd. We can check that T (2, 11) is obtained from the unknot T (−2, 1) by a single (6, 2)-twisting. It was proved in [21] and [7] , using Kirby's calculus on the Hopf link [18] , that this yields the existence of a properly embedded disk 
Proof of Theorem 1.2
To prove Theorem 1.2, we recall the definition of band surgery:
Band surgery. Let L be a µ-component oriented link. Let B 1 ,...,B ν be mutually disjoint oriented bands in
, then L ′ is called the link obtained by the band surgery along the bands B 1 ,...,B ν .I fµ − ν = 1, then this operation is called a fusion.
q denote the ((p, 0), (q, 0))-cable on the Hopf link with linking number 1 (see Fig. 7 ). Then, T (2, 9) can be obtained from L 2,4 by fusion (see Fig. 8 ).
Example 4.4. Any (p, 2kp+1)-torus knot (k>0) is obtained from L p,kp by adding (p − 1)(k + 1) bands (see Yamamoto's construction in [26] ). This construction can be generalized to any (p, q)-torus.
For convenience of the reader, we give a smooth surface that bounds L p,q in T 4 − J ( J is a 4-ball); due to Kawamura (see [14, 15] ): Consider where
, and define E and J by: [14, 15] ). ∂(E − J)=E ∩ ∂J ⊂ ∂J is the link L p,q .
Auckly proved the following in [6] . 
Proof. By Theorem 4.5, there exists a surface E and a 4-ball J, such that: ∂(E − J)=L p,q (see Fig. 9 ). Since K p,q is obtained from 
